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) . 1
8-1. Bigomo, 110 /U1l IESIKOT0 3HAUYCHHS @ CIPaB/IKYEThCS PIBHICTD: at - — = 4 . Yy moxe

a
OyTH LIUIUM YHUCIIO X = at + — ?
a

Bionosios: ne moxe.

Po36’sa3anna. SIxuo nonaty mi AB1 PiBHOCTI, TO MAaTUMEMO PIBHICTh

4+ x=2a", sxmo mimusTH, ToX—4= a_22 . Jlami Maemo, 1m0

(X+4)(x—4)? = ;% .2a* =8. Ockinbku mac wuikaBmATh wLidi

Puc. 1

3Ha4eHHs X, TO KoxkHui 3 Bupa3iB X+ 4 ta X —4 mae Gyru mimum.

. . . . 2 .
OcKinbKU 1 ABa 4rcCjia OAHAKOBO1 MMAPHOCTI Ta (X - 4) -- KBaJpaT OuIoro 4mcjia, To MarOTb BUKOHYBATUCH

. . 2
pisaocti X +4=2 ta (X — 4) =4 . Ane 0HOYACHO 116 HEMOXKIMBO. TaKUM YMHOM, HIYKaHOTO 3HAYEHHS

X He icHYE.

8-2. Yu icHye NpsIMOKYTHHK, SIKHA MOKHa po3pi3aTH Ha 5
KBaJIpaTiB, Cepe/l AKUX J[Ba OJIHAKOBI, a yCl 1HII — MomapHo | ... __
pI3HI Ta BIAMIHHI BiJ OJHAKOBHMX, INPH IBOMY OIHAKOBI
KBaJIpaT €
@) HaiMEHIIIMMH 3 YCIX;
0) HaWOTBIIIMMHU 3 yCiX?

]
R |

Bionogios: a) Tak, 6) Hi.

Po36’azannsa. a)HaBenemo BifamoBianui npukiaz (puc. 1). Puc. 2

0)Po3rnsHeMo KBajapaT HaliMeHIIoro po3Mipy. BiH He Moxe OyTH Ha Mexi NPSIMOKYTHUKa (pHC. 2), Tak
caMo He Moke OyTH BCepelnHI MeX1 OJJHOTO 3 1HIIUX KBaApaTiB. TOOTO MOXKIIMBE JIMILIE TaKe pPO3TallyBaHHS
iHIIMX YOTHPLOX KBAJAPaTiB HABKOIO HaiimeHimoro (puc. 3). Ane toxi, skmo AB — cropona Haii6inbimoro
KBaJlpaTy, Toji o6 Touka B He Gyna BepmmHO 30BHIIIHBOTO MPAMOKYTHHKA, TO BOHA MAa€ MOTPANUTH
BCEpEANHY CTOPOHHM, ajie TOJAl Mae€ OyTH KBaapaT 31 CTOPOHOIO

CB > AB - onepana cynepeunicTs 3aBepIye J0BEIEHHS. B

8-3. 3HalifiTh HalOuIbIIe TPUIMGPPOBE YUCIO N, IS SIKOTO
BUKOHYETBHCSI TaKa YMOBa: ICHye piBHO 16 map HaTypaJbHHX A
grcen (4, b), me a<b, mig sxkux N € HAAMEHIINM CITIILHUM

KpaTHUM.

(hozoan Pybnvos) C
Bionosgios: 992. Puc. 3

m m
Po3é’azanna. Cnoyarky NpUIyCTUMO, 10 4ucio N = Py 1...pk k. ne
Pi, 1=1 k -- nomapno pisui npoctn umcna ta M,— nHarypamshi, i=1 K. Toxi Bumuumemo Bci

YIOPSAKOBAHI MMapu YuCen (a, b) , VIS SIKUX [a, b] =N. Tyr vemac ymoBu @ <D, Tomy mapu (a, b) Ta

(b, @) mpu a#b sBaxarotecs pisauMu. SAxmo a = pf‘l...plf" Ta b= plbl...pEk , TO JIJI1 BUKOHAHHS
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YMOBU [a, b] =N HeoOXiJHO Ta JOCTaTHHO, MO0 Vi =ﬁ max{ai, bi }= M; . Toxi MokJIMB1 BapiaHTH
map (&, ;)

O, m), @ m), ... (M =1, m;), (my, my), (m;, m; =1), (my, m; =2), ..., (m;, 0).
Veworo tyr 2M; +1 papiantis. Takum umHOM, YChOTO TaKuX YNOPS/IKOBAHMX Map umces Oyle PiBHO
N=02m +1)...(2m, +1). A mykauux nap, mis sxkux a <b, 6yae pisHo %(N —1). Hdiiicuo, 3 ycix

obuncnennx map Tpeba mpubpatu mapy (N, N), a takox 3 koxuux nsox map (@, b) Ta (b, @) tpeda
3aUMATH OHY. TakuM 4yuHOM, Tpeba 3HaWTH HabinbIIe TpUlM(pPOBE HATypallbHE YUCIO, IS SKOTO

%(N —1)=16. Tomi N=33, Tomy wmommsi mBa Bapiantm: N=2-16+1 a6o
N=(2-5+1)(2-1+1). YV nepmomy Bumanky /is JAeAKOTO IIPOCTOrO [) BUKOHYETHCA yMOBA
n= p16 >2'% 5909V npyromy Bumaaky oTpumyemo, mo N = p5q , Ie P, q-- pisui npocri yncna.
Ockinbku 5° >999, 10 p =2 abo p = 3.

Jns P =3 maemo, 110 3° =243, TOMY IIYKQHHM YHCIIOM MOYKE CTaTH JIHIIIE 3°.2= 486, OCKiNBbKHU BXKE
3°.5>999. Jlm p =2 maemo, mI0 2° =32, ToMy WIYKAHUM YHCIOM MOKE CTATH MAKCHMAJIbHE
TpULHU(PPOBE YHCIO BHIJIAMY: 2°. P, re p>2 -- npocre. Ockinbku 1000 : 2° =31,25, 10 HeBakKo

3PO3YMITH, 1[0 WIyKaHHM € aucio 2° -31=992.

C
Puc. 4

8-4. V tpuxytauky ABC Bigmiueno oprtoueHtp H 1 mpoBemeno Bucory AK. Komow

npoxoauTs uyepe3 Touku A 1 Krta mepernnae croponn AB i AC B toukax M Tta N

BiamoBigHo. [Ipsima, mo mpoxomuTe yepe3 Touky A mapanensHo BC, Bapyre mepetuHae

ommcani koia TpukyTHuKiB AHM 1 AHN B Toukax X 1 Y BignoBigHo. [loBeniTsh, 110
XY =BC.
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(/lanuno Xinvko)

Po3e¢’azanns. Hexait Z — npyra Touka neperuny xkonaW 3 npsmoro BC, toni AZ — niametp W (puc. 4).
Hiitcuo, axmo K =2, 1o W norukaersca 1o BC, Tomy, ockineku AK L BC, to uentp W nanexurs
AK . dxmo K#Z, 10 ZAKZ =90° i AZ — niamerp W. Toxi LAMZ =90°. Hexait npama MZ
Bapyre neperunac onucane koo AXAH B touni S ,roni ZAMS =90°. Takox L/SHA=~/SMA, tomy
SH 1 AH . 3sincu AX||SH ||BC, rtakox 3Bincn summsae, mo XAHS - mpamokyrauk. Omke,
AX = SH . Takox 3aysaxumo, mo CH | AB. Kpim nsoro, ZM | AB. Tomy HC || SZ . Toxi SHCZ
— napanenorpam, a tomy SH =ZC . Togi AX =SZ . Ananoriuno, AY = BZ , 3eincu XY =BC.

9 knac

9-1. B onimmiazi B3sM ydacTh 60 ydyacHHKiB. IM Oy/o 3arponoHOBaHO 8 3ajad, KOKHA 3
AKUX oIliHoBasach Bix O mo 7 Oami. JloBediTh, 10 y TiJICYMKYy 00OOB’si3K0BO Oyzae 3
YYaCHHMKHW, YMi pe3UIbTaTU IMOMapHO BIAPIZHAIOTHCS He Oumpine HOK y 1 Oan. Ym

CIIPaB/I)KYBaJIOCh OM TBEPJIKEHHS 3aja4l, IKOU B OJIIMITIal B3SUIM y4acTh 58 y4acHUKIB?
Peszynomam yuacnuxa na onimniadi — ye 3a2anvHa KibKicmb HAOPAHUX HUM Oais.

Bionogiods: He cripaBIKyBaJloCh OU.

Po3e¢’azanns. MiniManbHa KibKicTh 6aiiB, sKy MoxkHa 6yno nadparu 0, makcumansna — 56 . PosrisiHemMo
taxi npomixku B 6anax: [0;1], [2; 3], [4;5], ..., [54;55] ta 56 6Ganis. SIkmo xou B omuH 3 HUX
TIPOMIKKIB MOTpAIUIAE MPUHAiMHI 3 y4Hi, TO TBEpPKEHHS T0BEAEHE. SIKIIO 1€ He TaK, TO y KOKHOMY 3 IIUX
IPOMIXKKIB He GinbIue ABoX y4HiB. Ycboro npoMixkkis 29, ToMy B oniMItiazi Many B3STH y4acTb HE Oilblie
58 mkonapis. Onepkana CynepedHicTh 3aBepIIye T0BEACHHS MEPUIOi YACTHHH.

Tenep npo apyry yactuny. SIkimo pisHo o 2 yuacuuku Ha6pamu no 0, 2, 4, ..., 56 6anis. To Hemae
TPLOX, PI3HHUILIA YMiX Pe3ynbTaTiB He nepesuinye 1 6ai. I ychoro yuachukis pisno 58.

9-2. Annpiii 3a KBITEHb MMPOYNTAB TOBCTY KHHUTY. BiH UnTaB KHUTY 3a TakuM rpadikom: 3 1
no 20 KBITHS BiH IPOYHTYBaB B cepeaHboMy 1o 20 CTOpPIHOK B A€Hb, 3 6 10 25 KBITHS BiH
POYUTYyBaB B cepeaabomy 1Mo 30 cTOpiHOK B JeHb, a 3 11 mo 30 KBiTHS BiH MPOYHTYBaB B
cepenaboMy 1o 40 cTOPIHOK B JI€Hb. SIKy MakCUMalIbHYy Ta MIHIMWJIBHY KUIBKICTh CTOPIHOK

MOTJIa MaTH 11 KHUTa?
(bozcoarn Pybvos)

Bionogios: S, =1200, S, =800.

Po36’azanns. Po3i6’emo kBiTeHb Ha O mpoMixKkiB. Hexaii 3 1 mo 5 KBiTHsI BiH POYUTYBAB B CEPETHHOMY IO
X CTOPIHOK, 3 6 mo 10 KBITHS — B CEpeIHbOMY 10 a CTOPIHOK, 3 11 mo 20 KBiTHSA — B cepeIHbOMY IO C
CTOpiHOK, 3 21 mo 25 kBiTHA — B cepeanbomy o D cropinok, 3 26 mo 30 KBiTHA — B CepeHbOMY O Y

CTOPIHOK.
Toxi cripaBIKYIOTHCS Taki pIBHOCTI:

5x+5a+10c _ 5a+10c+5b _ 10c+5b+5y
> =20, 5o > =30, =——5—> =40, abo

Xx+a+2c=80,a+2c+b=120, 2c+b+y=160.

3aranbHa KUIBKICTh CTOPIHOK, 110 IPOYNUTaB AHIPINA, BUSHAYAETHCS SIK CyMa:
S =5x+5a+10c+5b+5y=5(x+a+2c+b+y)=
o=5((x+a+2c)+(2c+b+y)—2c)=5(240—2c¢) .
TakuM YHHOM, MakCHMajbHa KUJIbKICTh CTOPIHOK y KHHUTHM Oy/e, KOJIM 3HaueHHs 2C Oyjae HallMeHImnM, i
Bi/INOBIIHO MiHIMaJIbHA KiJIBKICTH CTOPIHOK, KoM 2C Oy/e HalOLIbIIIM.
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Bumamgok MakcuMansHOTo S, a6o MinimMansHOro 2C. Ockimbku C > 0, To cripobyemMo migibpaT MOKIHBI
3HaueHHs 3MinHuX 11s C = 0. Toxi MaeMo yMoBHu:

x+a=280, a+b=120, b+ y=160.
Onun 3 MoxsmBux Bapiautis, npu & =0, roxi X =80, b =120 ta y = 40. Toxi MakcuMabHA KUTbKiCTh
CTpOpiHOK popisHioe S =1200.

Bunagox wmi"imMansHoro S, a6o makcumanbHoro 2C. Ockinbku X+a+2c=80, 1o 2c <80.
Crpobyemo migibpaT MoskiuBi 3HaueHHs 3MinauX 11t C = 40 . Toxai Maemo yMOBH:

x+a=0,a+b=40,b+y=280.
Oauu 3 MoxuuBUX BapiaHTiB, npu & = X =0, toxi b =Yy =40. Toxi MiHIMaIbHa KUIBKICTh CTPOPIHOK
nopisaroe S .. =800.

9-3. V¥ roctpokytHOMY TpuKyTHUKY ABC OicekTpuca Kyta A mepeTHHae OmMHcaHe HaBKOJIO
OT0 TPUKyTHHUKA KoJi0 B Toulli W . 3 Toukn W Ha npsimy AB omyctunu nepneHIuKymsp
WU , a 3 eHTpa BOMCAHOTO Koja | 1bOro sk TPUKYTHHKA OMyCTWIH neprneHaukysip |P Ha
npsmy WU . Hexaii M — cepenmna Bimpizka BC. JloBemits, mo mpsma MP mpoxomuts
yepe3 cepenuny Biapizka Cl .

(Muxona Mopo3) A

Pozeé’azanns. ITomitMoO, 110 IPSIMOKYTHI
tpukyriukn BMW Ta |PW pisni 3a rinorenysoro
ta roctpum Kyrom ( IW = BW 3a teopemoro mpo

tpumiceuk  (puc. 5), ZWIP = ZMBW = %LA).
Orxe, WP = MW . Ockinbku rouxn U, B, M, W

M B
nexars Ha koii 3 miamerpom BW | o c
Z(MW,WU) = ~/(MB, BU) = Z(CB, BA).
Hecknanno 3pO3YMITH, 10 TO/1 U
/ZMWP = /ZABC. Ockimbku  AMWP  — T
piBHOOEIpEHMI, TO P
Z\WMP 2%(900 —ZB)=90° —%LB .
Tomy ZPMB= %Z B. 3Bincu nerxo Gaumth, mIo w Puc. 5

PM || BI. Hexaii F — touka neperunyCl ta PM . Toni 8 ABIC simpizox MF mnapanensunii 1o

croporn Bl Ta npoxomuts uepes cepemuny M croponn BC . 3incu sunnusae, mo MF — cepenns ninis
ABIC, aorxe F — cepenuna Binpizka Cl .

9-4. JIiMbHWKH CKJIQJCHOTO0 HATypaJbHOTO YMclIa N, SKe HE € KBaJpaToM IIPOCTOIO
9KCII,[I03HAYMMO B TOPAAKY 3pocTaHHst Takmm umsom: 1<d; <d, <...<d_; <d, <n,

| > 2. Ina sxux N icuyroTs HaTypanbHi uncna a, b ta N, 1m0 3a10BONBHAIOTE TaKi yMOBU:
d,+d, =N?T1ad_;+d =NP°?
(bozoan Pybvos)

Bionogios: N — yci yncna, mo MarTh piBHO 4 IUIbHUKH, ToOTO umcia tuny N = Pq, ne P, — npocrti

yncra, a6o N = P>, ne P - mpocte, a Takox uncia Ty N=2- P-(p+ 2)b_1, ne p, p+2- npocri
ancna, D— HarypanbHe.

Po36’a3anns. 3ayBaxxumMo, 110 3 yMOB 3aJ1a4l BUIUIMBAE, 110 dl . d| = d2 . d|_1 =N. BUKOpUCTOBYIOUH IIFO
PIBHICTB Ta MEpIUIY PIBHICTh 3 YMOBH, MOKEMO IEPENUCATH APYTy PIBHICTH YMOBU TaKUM YHHOM:



b _ _n , . n _Nn(dg+dy) _ nN? _ b—a
N™ =d,_; +d, =4, T T dd,  — dd, 20° n=d;d,N""°.

Kpim Toro, skmio b= a, 1o dl + d2 =N?&= Nb = d|_1 + d| 3BIJIKHU dl = d|_1; d2 = d| . Tomy mykane
YHCJIO MA€ YCbOI'O YOTUPHU JIIIbHUKH, a00 PIBHO JBa BJIACHI AUIbHUKHU. Takux uucen asa tunu: N = Pq, ne

. 3
P, q -- mpocrti 4ucna, abo N= P~, ge P -- npocte. ToMy B MOAanbUIOMYy MOKEMO PO3IIIAAATH JIMIIE

BHITIaJI0K b>a.

Po3risHeMo n1Ba BUIIAIKH.

1. Hexait N — memapue umcno. Toxi 3 piBHOCTI d1 + d2 =N? Ma€eMo, 10 cyMa dl + d2 — HemapHe
YUCJI0, TOMY Cepel WX TiIIbHUKIB PIBHO OJUH MApHUM, 1HIINI — HEeMMapHUi. 3BiJICH OYEBUIHO, 110 dl =2,
00 1me € HaWiMeHIUU mapHUi aUTbHUK. Toxdi d2 =N? -2 wmae Oytu mpoctuMm uymucioM. Hexai
d2 =N?-2= p,Toz[iNa = P+ 2. Takum unHOM,N =2+ P - NP2,

a) dxmo N — me mpocre umcio, To ockimeku N < P + 2, To BOHO Mae MpoCTHil AiMbHUK (< P+ 2.
OueBuano, mo ( # P, atomy ( < P. Ane e o3Hauae, mo npu b>a uucio n=2- p-N b-a TUTATHCS
Ha <P = d2 , a ToMy yncio ) He Moxe OyTu d2. Opneprxanu CynepeyHicThb.

) T
6) dxmo N — mpocre umcmo, To mpu @ >1 marumemo, mo 3 pierocti N® = P+ 2 Bummsae, mo
N < p+ 2, To BOHO € BIacHUM AUTBHHKOM uucna N, MeHmmM Big P, mo HemMoxiHuBO. TakuM YMHOM,

a =1, T00TO yncnma P ta N = p+ 2 - mapa npoctux yucen-0:1am3HioOKiB. | Toxi Vb >1 MaTUMEMO, IO
sucio N=2-p-(p+ Z)b_l e poss’sskom. Jliticno, dj_; =2(p+ 2)b_l, d =p(p+ Z)b_l i
d_+d =2(p+2)° 1+ p(p+2)°L=(p+2)°=N"

2. Hexait N — mapue uncno. Ockinpku N = d1d2 Na™P , To N Takox mapHe, T006TO dl =2.
. . . . . L
Toni, ocKIIbKH dl =2, 10 d2 =4, 6o cyma nBox Halimenmux AineuKiB € napuoo. Toxi N° =6. Tomy

N = 6, a =1, 3Bigcu N = 2-4. 6b_1. Skmo b>a =1, TO YHMCIO 3 € ninpHUKOM unciaa N, Tomy
d2 = 3 cynepeunicts. 3Bincu D=a=1.

[lincymoByroun ofepxaHe, Ma€EMO HaBEJIEHY B1IMOBIb.

10 knac
] : : 5X + y = pk 1
10-1. Po3B’sokiTh B HATypaibHUX unciax X, Y, P, N, k CHUCTEMY PI1BHSHbD: 5 kan
y+X=p .
(bozoan Pybvos)

Bionogion: Yk >3, X = 2k_3, y=3- 2k=3, p=2Tan=1.
Po36’a3anns. Tlepie piBHSAHHS TepenuuieMo y BUrIsal 25X +5Y = 5pk i BiHIMEMO Big HBOTO Jpyre

piBusHus: 24X = pk 5- pn). 3BigcH cTae 3po3yMUIUM, IO O — pn >0, a Tomy MaemMo numie Taki

BHUITAJIKU.
Bunamok 1. p=1, n € N. OueBunno, mo 5X + Yy > 6, a ToMmy po3B’s3KiB HeMae.
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Bunanok 2. p=2, n=1. Toxai maemo piBHicTb 24X = 2k -3 abo X = 2k_3. Taxum uuHoM, K > 3. Toxi

3 eplIoro piBHSHHA Y = 2K _5.2Kk3 =3.2k3  Hepawxo [EPEKOHATHCSA, IO Ii BEIMYMHH

3aJJ0BOJBHAIOTE 1 APyroMy piBHAHHIO. TakuMm 4mHOM, 11 A0BinbHOro K > 3po3B’sa3kom € Takuii HaGip
k-3 -
uncen: X =2 ,y=3-2k 3,p:2Tan:l.
. .. k . .
Bunagok 3. p=2, N=2 a6o p =4, n=1. Toxai maemo piBHicTH 24X = 2" i Tomy po3B’sI3KiB HeMae.

Bunanok 4. p =3, n=1. Toxi maemo piBHicTh 24X = 3k 21 TOMY PO3B’SI3KiB HEMaE.

10-2. Hdano  piBHOOEAPEHHM  TYNOKYTHHM
TpukyTHuK ABC 3 BepmmHOr y Toumi B.
Cepeaunnuil nepneHAuKyynsp a0 croponu BC
nepetunae npsmi AC 1 AB B Toukax K 1 M
BiIMOBIAHO. JloBeniTh, IO TOYKA, CHMETpUYHA
touli A BigHOocHO mpsiMoi BK, nexutrs Ha
npsmiii CM .

(Aumon Tpucy6) A

Puc. 6 K c

Po3¢’azanna. Hexaii A_[— ToYka, MO cuMmeTpudHa A

sinnocno BK (puc. 6). Cmepmy, ZBAK =~/BAK=/BCK, spinkn worupuxyraux BACK -
Bnucanui. Tomi,

/ACB = ZAKB = ZAKB =2/BCA= ZMBC = ZMCB,

3BIAKH OTPUMYEMO, IO TOUKH C, Ai, M nexars Ha onHiil npsAMiiA.

10-3. [IBa rpaBui — Anapiit Ta Onecs rpaioTh y Taky rpy. Ha cromi jexuTh Kpyriuid TopT,
SKUW OJIMH 3 HUX po3pi3ac Ha 4N TOmapHO PI3HUX 3a Barow CekTopiB (IMaToykiB). Bara
KOXKHOTO IIIMaToO4Ka BizjoMa 000M rpaBiisaM. [licis 1iporo BOHH BHOMPAIOTH COO1 IIIMATOUYKH
3a Takumu npaswiamu. Crioyatky AHapid BuOupae cobi 1 mmartouok, mami Onecs Bubupae
co01 2 IMMAaTOYKH, ajleé TAKUM YHUHOM, 100 IIMATOYKH, K1 3aJIMIIAThCA Ha CTOJI Hicis i
X0Jy, YTBOPIOBaIM ceKTop. Jlam BOoHM 1o dYep3i OepyTh MO 2 IIMATOYKU TaK, II00 IMiCIIA
KOKHOT'O XOJly IIMAaTOYKH TOPTY, L0 3aJUILUINCS Ha CTOJI, yTBOPIOBAJIN ceKTOp. OCTaHHIM
xo10M AHpiit 3abupae octaHHiM mMaTodok. KoxkHull 3 TpaBIliB mparxe, 1moo 3arajibHa Bara
YaCTUHU TOPTY, AKy BiH B3siB, Oyna OUIbLION, HDK Y CYNpOTUBHHUKA. YW 3MOXke
XTOCBrapaHTOBAHO B3ATH cO01 OLIbIIE MOJOBUHU BlJl yChOI'O TOPTA, AKIIO:

@) po3pi3aHHS TOPTY HA CEKTOPH MPOBOAUTH Onecs;

0) po3pi3aHHs TOPTY HA CEKTOPH MPOBOAUTH AHJIPIH, aje CBOIM MEPUIMM XOJ0M BIH

HE Mae npasa OpaTy HAHOUIBIINK 3a Baroo MIMaTO4YOK?

(bozoan Pybvos)

Bionoeiods: a), 6) nepemory Moxe 3a0e3Me4nuTH coO1 TOM, XTO MPOBOIUTH PO3Pi3aHHS.

Po3é’azanns. a) llokaxxemo sik Onecs mae po3pizatu TOpT, 00 nepemortu. [lo3Haunmo Bary Topty yepes
M . Bona iforo pospizae Ha 3 cycifHiX IIMaTOUYKH Baroxw % M (Baxki), a yci pemra MatoTh HYJILOBY Bary
(merki). ITlepeHymepyeMO IIMAaTOYKH 3a PyXOM TOAMHHHUKOBOI ctpinku 1; 2;...;4Nn. 3po3ymino, mio

mMaTouok 3 HomepoM 4N cycianiii 3 1. Hexaii Baxkumu € mmarouxn 4N—3, 4nN—2 ta 4n —1. Aunpiit
HE MOJXKE pO3MOYaTH 3 )KOAHOTO 3 5 mmatoukiB: 4N —4, ..., 4n, 6o inakme Onecs NepIIMM CBOIM XOJ0M

BuOepe 2 BaXKHX IIMATOYKH 1 Habepe pa3oM %I\/I >%|\/| . Tomy Anpgpiii Bubupae Oynp-sKui I1HIIMN
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IIMaTo4YOK. Jlami OYeBMAHO, IO TOH, XTO Bi3bMe NpUHAMMHI omuH 3 ABox mmMarodkiB 4N—4 um 4n
(HaBITh, AKIIO PAa30M 3 OJHHUM 3 BAKKUX IIMATOUKIB), — IIporpae, 60 CyMpOTUBHUK TOYHO MOXKE IMICIIS IIHOTO
XOJy B3ATH 2 BOXKHX IIIMAaTOYKH Ta HAOpaTu OijibIle TOJOBUHH TOPTA.

Taxkum unHOM, AHApiit Ta OJiecs MalOTh XOMUTH B CeKTOpi Mixk mmartoukamu 1 ta 4N —5. 3posymino, mo
micns AngpieBux xonuiB Oyze 3a6pano 4N +1 mmarodok, a micna Onecunnx — 4N+ 3. Takum yuHOM,
IiCIIs 3alI0BHEHHS IOBHOTO CeKTOpY Mixk mmartoukamu 1 ta 4N —5 Gyxe xin Anzpis i ToMmy BiH mporpae.

6) Tokaxemo sk AHJpiii Mae po3pizaTi TOPT, 106 MEPEMOITH. 3HOBY IIEPEHYMEPYEMO MIMaToukH Bix 1 110
4n. 3po6uMo 3HOBY 3 BaXKKi IIMATOYKH BArorw II0 %M , @ pemra — JIerki HynboBOi Baru. [Ipu mpomy

BaXKUMH pobumo mmatku 1, 3 ta 5. Jlani Anjpiii nepium xo10M Oepe IMAaTOYOK 3, Micis 4Oro APyruM

XO0JIOM BiH TaK CaMO MOXE B3STH III€ OJMH BaXKHUI IIMATOYOK 1 HAOUpae pazom % M > % M.

3anuniaeTbCs B TOYHOCTI 3aJ0BOJIBHUTH YMOBHU 33javi. A camMe — yCi IIIMAaTOYKH MArOTh IONAPHO Pi3HY
HEHYJIbOBY Bary. Jljs 1bOTO y MYHKTI @) Maji IIMAaTOYKH 3pO0OMMO, HAIPHUKIIAI, Baror m M,
1=1 4n—3, toni ix cyma

4n-3 __ (4n-3)(4n-2)
5(4n 3)(4n 2) M + 5(4n— 3)(4n 2) M+..+ 5(4n— I?)(4n 2) M = 10(4n—3)(4n-2) M = M '

Benuki mmarouku BUOEpeMO Baroro 100 S M , 1%% M r1a 100 L\ [Topsmok mIMaTOYKIB HE BiJIrpae podi.

Taxuii camuii po3noia Mac MMaTOYKIB y IYHKTI #), TIJIbKU 3 YMOBOIO, 110 3-i IIIMAaTOYOK Ma€ Bary 13000 M .

10-4. 3maiimite yci ¢yHkmii f :[0, +o0) —[0, +00), AKI UI1 YCIX HEBII'€MHHX X, Y

3aJI0BOJIBHSIOTH PIBHOCTI:
FCF OO+ F(y) =Xy (x+ ).
(Boponosuu leop)

Bionosiow: f(x)=0.

Po3e’azanns. Tipu Y =0 3 ymoBu Maemo, mo f ( f(x)+f (0)) =0 s OBiNBHOrO X, @ OTKE iCHye Take @, 10
f(a)=0. Taxum uunom, npu x=a, f(f(0))=0. Mani, npu Xx=y=0 surmsae, mo f(2f(0))=0, a npu
x =y = f (0) marumemo, mo

f(f(f(0))+f(f(0)))=1*(0)f(2f(0))=0,
to6t0 f(0)=01i f(f(x))=0 m nosinsroro X.
Mincrasumo Y = f () B ymosy, Toxi
xf (y) £ (x+f(y))=f(F(x)+f(F(y)))="f(f(x)=0,

ssimen XF (y) f(x+ f(y))=0 mns nopimbnux X 1a y .

Ipunyctumo, mo f (Y, )#0 ans aesxoro Y, > 0. Mixcrasumo Y =Y, — X, Toxi

fE(X)+F(Yo—=%))=x(Yo =) T (¥,)-

Bupas y mpasiii yacTuHi npuiiMae n0BinbHe 3Hauenns Ha Bimpisky[O; y0 f(yy)], Tomy muoxuHa 3Hauens

bymxuii f smowae ueit sinpisox. 3sixcn, icmye mesxe X, Taxe, mo T (Xy)=min{3y,, 1 Vo (yo)}. 3

pisnocri Xf (y) f (x+ f (y))=0 mpu y=X; i x=Yy,—f(%,)>0 maemo, mo f(%;)f(Y,)=0. mo Hemoxmso.

OTpuMaHa CynepedHiCTh JOBOAUTE, 10 | (X) =0 nus goBinbHOrO X € [O, +oo) .



11 knac

11-1. 3maiimith yci TpidkM TOMApHO pi3HUX HartypanbHux umcen (@, b, C), sxi
3aJI0BOJIBHSIOTH YMOBY: UnCiI0 2a—1 MimuThes Halijao Ha Db, yucno2b —1 ginurhbes HaIliio

Ha C 14uciao2C —1 aiauThesa HaIo Ha a.
(bozoarn Pybvos)

Bionosiow: (7,13, 25), (25, 7,13) Ta (13, 25, 7).
Po36’a3anna. 3anunieMo 11l YMOBH y BHUIJISIII TAaKOi CUCTEMH: ICHYIOTh HATYpallbHI YHCIIa K, m, N, ws sxux
CHPaBIKYIOThCS PIBHOCTI:
2a—1=kb, 2b—-1=nc ta 2c-1=ma.
OuesnHO, mo yci uncna K, M, N ta a, b, C -- Henapwi.
TOI1 MaTUMEMO, 1110
b=21=2b-1=492_l-nc=c=492K = 2c-1=8% J-_ma=

kn
— — A+2k+kn
8a—4 -2k —kn=knma = a= %"

Tenep 3po3yMmino, IO Mae CIpaBIKyBaTHCs HepiBHicTH: KNM< 8. Tomy 3 cumerpuyHOCTi yMOB Ta
HeraprocTi urcen K, M, N BHILIMBAE, 110 MOKIIMBI BapiaHTH (3 TOUHICTIO 4O LHKIIYHOCT) TaKi.
Bapianr 1: k=m=n=1. Toni MaTHMEMO, moC=2b-1=>a=2c-1=4b-3=
b=2a-1=8b0-7=a=b=c=1, ane uncna @, b, CoBunHi GyTn nonapxo pizHUMHN.
Bapianr 2: k=3 m=n=1. Toni MaTHMEMO, moc=2b-1=a=2c-1=4b-3 =
3b=2a-1=8b—7 = 5b=7- cynepeunicts, 60 b — ne wuine.
Bapianr 3: k=5 m=n=1. Toni MaTHMEMO, moc=2b-1=a=2c-1=4b-3=
5b=2a—-1=8b—7 = 3b =7- cynepeunicts, 60 b — He mine.
Bapianr 4: k=7, m=n=1. Toni MaTUMEMO, moC=2b-1=a=2c-1=4b-3 =
b=2a-1=8b—-7=Db=7 = c=13, a=25 i us tpiiixa 3a10B01bHsE yMOBY.
A

11-2. ¥V roctpokytHOMYy TpukyTHUKY ABC
nposeneno Bucoty AH 1 memniany AM . Ha
npsmux AB 1 AC B3sito Touku X Ta Y
BiamoBigHo Tak, mo AX = XC 1 AY =YB.
Hosenits, mo cepeauHa Biapizka XY
piBHOBIAaIeHa B To4oK H 1 M .

(anuno Xinvko)

Po3e’azanns. Hexaii Z — cepenuna Bigpizka XY ,
a N i T- cepemunn simpiskis AB i AC
BiamoBimHO (puc. 7). OCKITBKH 32  yMOBOIO
AX=XC, a AY=BY, XT i YN-
cepemvHHi nepnenauKyasapu jao Biapiskis AC i L
AB. Toxmi rtpuxkyrmmkn XTY i XNY g
npamokyTHi, Toxk XZ=ZN=ZT =2ZY, 6o

Mesliana TPAMOKYTHOTO TPHKYTHHKA, IPOBEACHA /o Prc. 7
JI0 TINOTEHY3U, IOPIBHIOE ii MOJOBHHI. [Hakmie .. M7 —_—
Kaxyuu, Touka Z pisHoBinnanena Bix N i T .3

inmoi cropoun, NT ||BC, 60 NT — cepenns ninin AABC. MT rakox cepenns ninis AABC, tox

MT = % AB. NH = % AB sx Meniana, npoBefeHa [0 TiMOTEHy3H B MPAMOKYTHOMY TPHUKYTHHKY. OTxe,
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HNTM — pisaoGiuna tpanenia. Toxi y ii OCHOB CHIIBHHMI CEpEIMHHUI TIEPHEHIUKYISAp. My TOBENH, IO
touka Z Hanexuth cepeaunHomy nepnenaukynspy NT . Toxi BoHa Hanexuth cepeauHHOMY
nepnenauxynspy HM .

11-3. 3agaua 10-4.

11-4. JIBa rpaBui — Auapiit Ta Onecs rpaioTh y Taky rpy. Ha cromi jexuTh Kpyriuid TopT,
SAKUM OJIMH 3 HUX po3pi3ae Ha 2n, N>1 momapHO pi3HUX 3a Barolo CEKTOPIB (IIIMAaTOUKIB).
Bara koxxHoro mmarodka Bimoma o0oMm rpaBipiM. [licias 1mporo BoHHM BHOMparOTh €001
IMIMATOYKU 3a TakuMu mnpaBuiamu. Crouatky Onecsi BuOupae co6i 1 mmaTouok, gani
Amnppiii Bubupae cobi 2 mIMaTOYKH, ajie TAKUM YUHOM, 100 MIMATOYKH, SKi 3aTUIIATHCS Ha
CTOJII TICIIA WOTO X0y, YTBOpIOBaM ceKTop. Jlaimi BoHM 1o 4ep3i OepyTh MO 2 IMIMAaTOYKH
Tak, MO0 MICII KOXKHOTO XOJy IIMAaTOYKH TOPTY, IO 3THIMMIACS Ha CTOJ, YTBOPIOBAIN
cekTop. OCcTaHHIM XOJIOM OJMH 3 I'paBliB 3a0upae ocTaHHIM mmMaTouok. KoxkHuit 3 rpaBIiiB
mparie, mo0 3arajbHa Bara YacTUHU TOPTY, SIKy BIH B3sB, Oyja OUIBIIOW, HDK Yy
cynpotuBHuKa. [{ns skux N Onecs MOXe Tak po3pi3aTH TOPT HA MIMATOYKH, 11100 BUTPATH,
SIKILIO CBOIM IMEPILUM XOA0M BOHa Oepe HalMEeHIINH IIMaTO4Y0K?

(bozoan Pyonvos)

Bionogion: Onecs nepemarae s yeix N ¢{2; 4}.

Pose’azanna. Po3s’sa3yBatu Oy1eMO METOIOM MaJIUX KOJIMBaHb. SIKIIO MM Ka)KeMO, 110 AesAKi IIMaTOYKU Sp
Ta Sy MaroTh Bary 1 ta 1, o ne o3navae, mo Hacrpapi iX Baru Biapi3HAIOTHCS BiJl 1 HAa HACTINBKM Maau
BEIMYMHU & Ta &p, s[Ki He BIUIMBAlOTh HAa OCTATOYHMH BMCHOBOK posnofinry Bar. Hanpuxian,

=14+ =1+10 ", S, =14+, =1-10 . apHa Bara TOpT JIOPIBHIOE CyMi Bar ycix
1+6=1+10" s, =1+¢,=1-10". Cym y M y y
PO3MIISTHYTHX MIMATOYKiB. [lepeHyMepyemMo mIMaToOuKH 3a pyxoM roauuaukosoi ctpinku 0; 1 2; ...;2n—1,

3po3ymino, mo mmarodok 3 2N —1 cycinniit 3 0. IIpu npoMy HaliMeHIIHKIt 32 BAro0 MIMATOYOK Mae HOMED
0. Be3 oOMeXeHHS 3araJlbHOCTI, MOYKHA BBKATH Bary I[bOTO IIMAaTOYKa PIBHUM 0, 3micT 3amaui He
3MIHUTBCS, AKIIO YC1 MIMATOYKHA TOPTY MU 3MEHIIIMMO Ha Bary HaMMEHIIIOTO.

Pozrnsinemo, siki 3HaueHHs Moxe npuiimatu N.

Sxmo N = 2K +1>1, to posrnsaremo Takuii posnoxin ar. IlImatoukn N—1, N ta N +1 marots Bary 1, a
inmi — 0. Toni micas mepmoro xomy Oneci AHapiii He 3MOKe B3ATH HEHYJIbOBI IIMaTo4ku. I10KH cBOIM
x070M AmHjipiif He BizbMe mMaTouok N—2 um N+ 2, Onecs MPOCTO PoOUTH CBilf Xif Tak, mO6 CEKTOp
B3ATHX IIMATOYKiB OyB CHMMETpUUHIii BigHOCHO cektopy 3 Homepom 0. Skmo Amzpiii Gepe cBOIM X0m0M
omMH 3 mMatoukiB N—2 um N+ 2, To sAkuii 61 iHmMI MMATOYOK BiH He B3sB, ONecs 3MOXKE B3ATH JBa
mMaTouky Baror 1 i mepemose.

Sxmo N = 2K >4, To posrisiHeMo Takuii po3noain sar. llIMatouku 3 Homepamu 2 Ta 2N — 2 MaroTh Bary

%, mmatoukn 3 ta 2N —3 Mmatots Bary 1, mmarouxu 3 Homepamu 4 Ta 2N —4 matots Bary 9% | IJj

100 °
IIiCTh MIMATOYKIB OyIeMO Ha3UBaTH Geuxumu. Y Ci iHII mMarouku MaroTh Bary 0.
SIkmo AHppiii cBOIM MepIIMM XO00M Bi3sbMe MIMaTOuKK HymboBoi Baru 1 ta 2N —1, To Onecs pani Bubepe
JiBa BENMKi IIMATOYKK 3 HoMepamu 2 Ta 3. Ilicns mporo Anpiii cBOIM X0I0M MOXKe B3STH MaKCHMYyM IIie
JIBa BEJIMKI MIMaTOukH, a OJecst CBOIM X0JI0M — IIIe JIBa BETUKI IIMATOYKH 1 IEPEMOIKE.

Takum 4rHOM, BBa)KaTUMEMO, 10 AHJIPIN CBOIM MEPIIUM XOJOM BHOEpE IMIMATOYKH 1 ta 2 i matumemo

CyMapHy Bary % Iicns uporo Onecs G6epe mmarouku 3 Ta 4 i MaTUMeMoO cymapHy Bary %

’KOJTHUM CBOIM XO0JIOM HE MOKe B3aTH mmMaTodok 2N —1, 60 Toai Osnecs Bi3bMe 1€ [1Ba BEMMKHX MIMATOUKH
i mepemoxke. Tomy AHzapiii mpumymieHuit xoautu B Hanpsmi 4; 5; 6; ..., Onecs tak camo Oepe mo jBa

. AHJIpiit
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cycimHix B 1boMy HampsiMi. QUeBHHO, 10 HIKOMY He BHTiJHO OpaTu mmMarodok 3 HomepoM 2N —1, Go
TOJIl CYNPOTHBHHUK MOXXE B3STH OJ[pa3y JIBa BEJIMKUX IIMATOYKU. TakuM YHMHOM, BOHH OpaTUMyTh HYJIbOBI
IIMATOUKK JIOTH, JOKM He AifayTh 10 BEIUKMX HMIMATOYKiB 3a Homepamu 2N—4, 2N—3 ta 2N—2. 3a
NOpSAKOM X0iB AHJpiit Gepe Benuki mmMatodku 3 Homepamu 2N —3 ta 2N — 2. Onecsd ocTaHHIM CBOIM

X0JIOM 3a0upae mMaTouok 3 HomepoM 2N —1, a nepegocranHiM — aBa MIMATOYKK 3 HoMepamu 2N —5 Tta

201, 101 _ 302

2N — 4, ocranniii 3 sxux € BenmukuM.CymapHo Maemo, mo y Oseci 6y/e Bara mMaTouKiB 700 T 100 = 100’

g 99 , 199 _ 298
ay AHnpis 1700 T 100 = 100 ° Takum unHoM, Onecs nepemarae.

Sxkmo N =2, To o4eBUIHO, IO CBOIM IEPIIMM XOJ0M AHJpiii BUOGepe 1Ba HAHOIIBIIMX MIMATOYKH Ta
epeMOoKe.

Sxkmo N =4, 1o ycboro maemo 2N =8 mmaroukis. [lokaxkemo, o Anapiii 3apxkau nepemorxke. TyT 1
YHCIIOM, 1[0 03HAYa€ HOMEp IMaTo4Ka OyneMo mapajieabHO PO3yMITH, IO 1€ i ioro Bara npu NOPIBHSIHHAX.
[Mosnaunmo uepe3 (K —1, k, K +1) — naiimeHIumii 3a Barow IMIMAaTOYOK, I[0 MAIOTh BiAIOBIIHI HOMEpH,

[k -1, k, k +1] — naii6inemmuii, a {k —1, k, K +1} — cepeniii.
Mosxemo BBaxatu, mol+ 2> 6+ 7. Hexaii Annpiii 6epe mepmmm xomom 1+ 2 i me mepemarae. 1le

o3Hauae, mo Onecs Morna B3stu Habip 6+7, 3+7 a6o 3+4 Ta nepemortu. PosrisHemo yci i
BUITAKU.

Bunazmox 6+ 7 oueBMIHO NIPUBOAUTHL Opasy A0 cynepednocri. JlilicHo, ockinbku 1+2>6+7, a nani
Awnnpiii Bubupae [3, 4, 5] +{3, 4, 5}, a Oneci aicranerscs (3, 4, 5), To oueBuIHO, 1O Oecs mporpae.

Slxmo nepemory npuHocuTh Xin Oneci 3+ 7, To 1e 03HaYae, o Ma€ MicIe HEPiBHICTb:

3+7+(4,5, 6)>%M >1+2+[4,5, 6]+{4,5, 6}. (1)

Tonmi Anapiii cBoiM mepmuM xoaoM Oepe He 1+2, a 6+7. Jani oueBMmHO, MO BiH 3MOXKE B3STH
HACTYIIHUM XOJOM I1apy HIMATOuKiB, cepell sakux 6yae 3 (Onecsd 10 HOrO TOUHO He AOTArHeThes). Tomi
Anpipiit MaTuMe npuHaiMHI Takuil HaGip: 6+ 7 + 3+ (2, 4) . Ockinbku

6+7+3+(2,4)>3+7+(4,56)>3M,

TO AHJIpiil mepemarae.
SIkmo mepemory npunocuTh xig Oneci 3+ 4, To 1€ 03Havae, O Ma€ MiCIle HEPIBHICTS:

3+4+(5, 6, 7)>%|\/| >1+2+[5, 6, 7]+{5, 6, 7}. (2)
Sxmo Amzpiit mepmmM Xonom 3irpae 6+ 7, To Onecs He moxe B3atul+2 ta 1+5, 60 Toni Annpiii
Habepe Burpamny komGinamito 3+4+6+7>3+4+(5,6,7) > % M . Takum uumnom, Omnecst Mmae
Burpath KoMGiHamiero 4 + 5, a 3Bigcu Mae crpaBIKyBaTHCh TaKa HEPIBHICTD:
1
4+5+@1, 2,3)>5;M >6+7+[1 2, 3]+{}, 2, 3}. ©))
Sxmo Auzapiit nepmmm xonom sirpae 1+ 7, To Onecsa He Moxe moxomutuD + 6 Ta 2+ 6, 60 Toxi Aunpiii
nabepe Burpamny komGinamio 3+4+1+7>3+4+(5,6,7) > % M . Takum ummom, Onecs Mmae
BUrpaTu KoMOiHamiero 2+ 3, a 3BiJicH Mae CIpaBIKyBaTUCh TaKa HEPIBHICTb:
1
2+3+(4,56)>5M >1+7+[4,5,6]+{4, 5, 6}. 4)
SIKII0 AOAaTH IBa OCTaHHIX CITIBBIJIHOUICHHS, TO OTPUMAEMO CYIIEPEUYHICTh:
2+3+4+5+@0, 2,3)+(4,56)>1+6+7+7+[1, 2, 3]+{L, 2, 3}+[4, 5, 6] +{4, 5, 6},
ockimekn 2+ 3<[L, 2, 3]+{L, 2,3}, 4+5<[4,5,6]+{4,5,6}, (1,2,3)<1, (4,5 6)<6,

0 <7+ 7. Takum unHOM, y AHJIpisl € BUTpalllHA CTPATETis, 3HAKOYH CIIBBIIHOIIECHHS Bar IIMaTOYKiB.



