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8-5. SIky HalOUIBITYy KUTBKICTh (P MOXKE MATH YKCIIO, 10 33I0BOJIHHSIE TaKi YMOBH: BOHO
€ N-M cTeneHeM HaTypaJbHOTO uncia (N-- MOBUHHO OyTH HATYpaJbHUM YHCIIOM, OUIBIINM
3a 1) i a1 mesxoro HarypanbHOro K ioro nudpu 3miBa Hanpaso Big mepmoi 1o K -i crporo
3pOCTalOTh, a 3 K -1 10 OCTaHHBOI — CTPOTO CMATAIOTh.

Bionosiov: 17 mudp.

Po3e¢’azanna. CrioyaTKky MOKaXeMo, 10 OiIbIly KiIbKicTh 1udp unciao He moxe maru. Liuppy 0 mykane
4UCIIO MAaTH HE MOYKE, OCKIIBKM Ha nmodatky uucia 0 3HAXOmUTHCh He MOKE, a HAIPHUKIHII 4MCiIa, SKE €
TOYHHM CTETICHEM, HYJIIiB Mae OyTH HE MEHIIE JIBOX, IO MOpyurye yMoBy. Kpim Toro, uucio He Moxe MaTH
nBi mudpu 9, 60 Tak caMo MOPYIIYEThCS MOHOTOHHICTE U(p. Takum urHOM, UdpP HE MOXKE OYTH OibIe
17. Hapenemo npuknan:

111111111-111111111=12345678987654321.

8-6. Jlano roctpokytHmii TpukyTHHK ABC . Hexait D — Touka, II0 CHMETpHYHA Todlll A
BiHOCHO mpsimoi BC. Ilpsmi DB Tta DC Bapyre NepeTHHaIOTh OINKUCAHE KOJO W
TpukyTHuUka ABC B Toukax X 1 Y
BianoBiHO. [Ipumyctumo, mo touku X Ta
Y nexarb BcepenuHi BiApizkiB DB ta DC
BIJIMOBITHO. JIOBEITh, IO LIEHTP OMHCAHOTO
KoJia TpuKyTHUKa XYD JISKUTH Ha KO W.
([lanuno Xinvko)

Pos¢’azanna. Hexait P — npyra touka mepernny
npamoi AD 3 xonom W (puc. 1). Josenemo, mo P
— nenrp omucadoro kona AXYD. Cmpasni, 3

cumerpii orpumyemo, mo ADBA i ADCA
piBHOGenpeni.  Tomy ZBAD = Z/BDA i

ZCAD = ZCDA . 3 Bnucanux KyTiB, BpaXoByIOUH
TIOTIEPETHE, OTPHMYEMO:

Z/DXP =180° - ZBXP = ZBAD,
/PYD =180° - ZPYC = ZDAC .
3sincu AXPD i ADPY pisnoGenpeni, a tomy
XP=PD, PY=PD. Imakme  kaxyun,
XP=PY =PD, 1060 P pgilicho muentp

orucanoro koma ADXY .
Puc. 1

8-7. 3agano HarypaisHe uncio N> 3. Onecst Tpa€ y HACTYIHY TPY: Ha MOYATKy rpu (imka
po3ramoBaHa Ha Jlekaproiii twrommHi XOY y mouatky koopawHat. Ojecs mepecyBae
GbimKy 3a TakMMU TpaBWiaMu: (IMIKy MOXKHAa pyXaTd MO TUIONIMHI TIIBKH TapajeibHO
KoOpJMHAaTHUM ocsiM. Ha mepiomy kporii ¢inrka moBHHHA IEPEMICTUTHUCS Ha BilcTaHb 1, Ha
JIpyroMy Kpolli — Ha BiJICTaHh 2, Ha TPETHOMY — Ha BIJCTaHb 3, 1 Tak Jam (IepecyBaHHS
¢imKyu Ha KO)KHOMY HOBOMY KpoIll € Ha 1 nOBIIMM, y MOPIBHSAHHI 3 MONEPETHIM KPOKOM).
Yeboro Onecst poouts N kpokis. [i mporpain y wiif rpi 1opiBHIOE MaKCHMAaIbHIH BifcTaHi Bif
GIIKU 10 TOYaTKy KOOPAMHAT MPOTITroM yciei rpu (He o0OB’SI3KOBO Micist N-To KPOKY).
Slkoro HaliMeHIIOTO Mporpamnry Moxe aomorrucsa Onecs?

(bozoan Pybvos)



Bionogiow: [nT+1 ].

-4 -2 0 2 4 6
Po36’sa3anna. CrioyaTKky HaBeIEMO TaKy IOCHIIOBHICTh XO/IIB ; ; ; ;
1

1 ; 1 1 1
1 1 1 1 1
Oynemo p06QTH B3JIOBXK  OCi abcuuc, TPUYIOMY KOKHUUN Puc. 2
HACTYITHUHN XiJ y HAMpsMi, MPOTHICKHOMY JIO MONEPETHHOTO

(puc. 2). Tomi HEBaXKO MOOAYUTH, IO MaKCHMMaJlbHAa BIiJICTaHb JJIS TAaKOi CTpaTerii JOCATAEThCS IMiCIs

Onmneci, npu sKiii BOHa OTPUMYE IMPOTpaIl [nTJrl] VYci xomm

OCTaHHBOTO X0y. HeBaskko mopaxysartu, 1o miciisg N-ro Xxoay BiICTaHb CKIIaJaTUME [nT+1] .

[Moxaxxemo, 1110 11e HaliMEeHIIIe MOXKJIMBE 3HaYeHHA. Po3risiHeMo ocTaHHiN XiJ rpaBist. Dilmka Ha IbOMY XOi
nepecyBaeTbes Ha N oguaunb. Hexail, Hanpukian, el xin 3po0iaeHuit y rTopu3oHTaasHOMY Hampsimi. Toi
a00 MOYaTKOBE IMOJIOKECHHs (BilKK, a00 KIHIIEBE 3HAXOATHCS IO TOPU3OHTAJI HA BiJCTaHI HE MEHIIE HIXK

[nTJrl] BiJI MOYATKy KOOpJAMHAT. SIKIo ¢ilika mpy bOMY 3HaXOAMTHCSA HE Ha oci abcumc, TO 1 BiACTaHb

Oyze e OUTBIIO0.

8-8. lnsa nopaTHux uncen X, Y, Z COpaBIKYy€EThCS PIBHICTB:
X y Z 2
2 T2 T2 T :
X“+1 y +1 z7+1 (x+y)(y+2)(z+X)
SIKi 3HaYEHHS MOXE pUAMaTH cyma Xy + YZ + 2X?

(bozoan Pyonvos)
Bionogios: xy + yz +zx =1.

Po3¢’azanna. IlozHaunmo cymy Xy + Yz + zXx = A > 0. Toxi npaBy yacTuHy piBHOCTI MOXHA IEPENUCATH
TaKUM YUHOM:

x . Y Lz _ 2 _ 2A _ Oy +xa)+(yx+y2) H(zx+2y) _
X241 y?+1 2241 (any+2)(z+x)  (x+y)(Y+2)(Z+X)A (x+y)(y+2)(z+x)A
_ x(y+2) y(x+2) z(x+y) _
T (x+Y)(Y+D)(@+X)A T (X+Y)(Y+D)(z+X)A T (X+Y)(y+2)(z+X)A T
X y z X y z

= TVE0A T TenrDA T E0A — (ZmA T (P mA T (e AA
2x > — X
X+l (X*+A)A
KOXXHUW JOJIAaHOK Y JIIBiM 4acTUHI OUTHIINH 32 BIAMOBIIHUM TIOAAHOK Y ITpaBiid YaCTHHI.
2x <— X
X“+1  (X“+A)A
JiBil yaCTHHI MEHIIMH 32 BIAMOBITHUNA JOJAHOK Y MpaBiif YaCTHHI, 1 3HOBY PIBHICTh HEMOXJINBA.

Sxkmo A>1, 10 (X2 +AA>X2+A>X2+1 = i pIBHICTD HE MOJXKIIMBA, OCKIIBKH

Amnanoriuno, gkno A<1, to (X2 +AA< X+ A<x’+1 = 1 KO)KHUH JOIaHOK Yy

Tomy 3amumaeTbes equHa MoximBicts A =1. YMoBi, HanpukIaz, 3a10BOJTBHSIOTh YACTA X = Y = Z = @ .

9 knac

9-5. Harypanbhi uncna K ta N 3a10BoNbHAIOTE yMOBY:
N-(N+1)-...-(N +k)=6952862 280 .

3uaiinite yci MoximBi 3HaueHHs K ta N, skmo Bimomo, mo ocranus rudpa gucaa N
TopiBHIOE 1.

(bozoan Pybnvos)

Bionosios: k =4, N =91.

Po3z¢’azanna. Ockinbku cyma mudp mo0yrky mopiBaioe 48, 1o 1e umcno He kpatHe 9, Tomy cepen
MHOXHHUKIB B JIiBili YaCTHHI MOe OyTH He Giibllie OJHOTO, 0 KpaTHUi 3. TOMy dYuceln oHaWbibIIe 9,
00 3a npuHIMnoMm Jlipixie 3 6 uucen, 1m0 HIyTh MOCHiIb, MPUHAAMHI 1Ba KpaTHi 3, TOMY iX JOOYTOK
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kparauii 9. Ockinbku N 3axingyersest Ha udpy 1, To uncma N, N +1, N +2 ta N + 3 He ninsarecs Ha
5. Ockinbku 100yTOK KpaTHHI 5, To i umcen moBuHHO OyTH moHalmenmie 5. Takum unnom, K = 4.

3 ymoBH 100° > 6952862280 3po3ymino, mo uucino N — mBoum@poBe YMCIIO, MO 3aKiHYYEThCA HA

mudpy 1. IIpu npomy, BOHO Mae gaBatu octady 1 mpu aiaensi Ha 3 (iHakiie cepen 1T Yuce] Oye JaBa,
o kpatHi 3). Takum umrHoM, e a6o 31, a6o 61, a6o 91. Ockinbku

90° =5904900000 < 6952862280,

To mykane uncio 91. besnocepeqHb00 EPEBIPKOIO MOXKHA IEPEKOHATHCH, 110 BOHO 33/I0BOJILHSIE IOTPiOHI
YMOBH.

9-6. Hexait W;, W, — 1Ba KoJIa Ha IIJIOILUHI, 0 He NepeTuHatoThed. [Ipsma AB — ixX criibHa

30BHIIIHS OTHYHA, O — TOYKa MEPETHUHY CIUIPHUX BHYTPIIIHIX JOTUYHMX, H — OCHOBa
NePIeHIUKYIIAPY, 110 onyiieHuid 3 O Ha AB. 3 Toukn H nposenu notudydi HC, HD 10 Kin
W, W, BIAMOBIAHO, BiAMIHHI Bil AB. JloBeniTs, mo HO — Gicekrpuca LCHD.

(Hazap Ceporok)

Puc. 3

Po3é’azannsa. BinMiTHMO TOUYKH Ol’ 02 — nentpu kin W, Wy BianosigHo, a yepes rl, I, mosmaunmo ix

00,
pamiycu. Toxi, six 1o6pe Bimomo, Toukn O, Ol 02 KOJIIHEeapH1, TPUIOMY 00, 1, (pI/IC 3). 3po3ymio,
OO
mo QAL AB i O,B L AB, romy O,A| OH || O,B. Toxi 3a Teopemoro daneca =~ 00, ﬁg Ockinbkn
A
= OlA, I ZOZB TO % HB , TOOTO TPUKYTHHUKH AOlAH ~ AOZBH , 00 BOHU TPSMOKYTHI 1

MaloTh MPOMNOpLiNHI cTopoHU. Tomy ZolHA = ZOZ HB . 3 cumerpii
/CHA=2/0HA=2,/0,HB = Z/DHB.
OTxe,

ZCHO =90° - ZCHA =90° - ZDHB = ZOHD,,

o 1 Tpeda OyJio JOBECTH.

9-7. Ha pomi 3anucano yucio 2017. Ha koHOMY KpoIli MU JOMHCYEMO Ha JOIIKY IIe
OJIHE HATypaJIbHE YMCJIO TaK, 100 BUKOHYBAJIMCh YMOBH: CEPEIHE apu(METUIHE yCiX YnCeT,
10 Ha JaHUI MOMEHT 3alKCaHl Ha JOIILI, MOBUHHO OyTH HATypajJbHUM 1 MEHIINM, Bif
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cepeaHboro apudmernyHoro, 1O Oyno OO4YHCIIeHEe Ha TMOoNepeaHbOMY KpoIl. Ky

MaKCUMaJIbHY KUTBKICTh YMCE MH 3MOKEMO HAITMCATH Ha JIOIIIi, BPaXOBYIOYH MTOYATKOBE?
(bozoan Py6nvos)

Bionoeios: 1009.
Po36’azannsa. CriouaTky cripoOyeMo 3’sICyBaTH — 3a SIKHX YMOB MH 3MOXEMO Ha JIOMII HAIMMCATH YHUCIIO TaK,
o6 cepeaHe apudMeTUdHE cTano piBHO HA 1 MeHIIe Hixk monepeHe.

Hexaii ma mommi Bxe 3anucano N wuwmcen @, Ay, ..., d,, AKI MarTh cepeaHe apudmeTHIHE An

n»

Homumemo yucno d,.;. Toai HoBe cepenHe apudmeTnuHe Oye 10PiBHIOBATH

A= a +a, +..+a,+a,,; DnA +a,,
L= =

' n+1 n+1
[I{o6 BoHO cTano Ha 1 menmmm TpeOa, 11100 BUKOHYBAJIaCh yMOBA:

nAnn‘:jml = A, -1, 3Bincu nph +an_|_1=I’]A1 +Ah —(n +1) abo d, 4 = Ah _(n+]_) >0.

Taxum umHOM, Mu 3MoxkeMo 3amucatd (N +1)-me uucno i smenmuTa cepenne apudmernune Ha 1 3a

YMOBH, III0 CE€peIHE apu(PMETHUHE Ha TaHUWH MOMEHT Ounblie, HiXK N +1. 3a nammm anroputMom, Ha M-my
KpOIIi cepe/iHE apu(PMETHIHE JOPIBHIOE Ah =2018-n, TOMY MU HE 3MOXEMO JIOTIHCATH IIE OJHE YHCIIO

> 2017
2

MOTPIOHUM YHHOM, SIKIIIO Ah =2018—-n<n +1, 3Biacu npu N2 >1008 mu ne 3moxemo 3ammcaru

HACTYIHE YHMCI0. TakuM YMHOM, MaKCHMaJIbHA KIJIBKICTh YHCEN, 110 MOXKEe OYTH 3amucaHa Ha JOIIIIi, MPH
HAIlIi 0/IaTKOBI yMOBI, JOPIBHIOE 1008 uucen.

[Toxaxkemo, 1m0 JUIs iHIIMX TOCHTITOBHOCTEH, Oinbine uucen Ha gommi Oytu He moxe. [licns N-ro xpoky

cepenHe apupmeTnaHe Bn HE MOke OyTH OuIbIIe 3a Ah =2018—n. SIxuo nacrymre cepenne Bn 4 Oyze
menmte B, npunaitvmi va | >1, To otpumaemo

nB, +a
f = Bu=l = nB,+ay, =nB, +B, ~I(n+1), ssimcu &, =B, ~1(n+1)>0.
_|_

TobTo 1 Y IbOMY BHUIIAJIKYy IITYKAHC n , AJIA AKOI'0 BXKE€ HC MOXKHA 3aIllMCaTh HACTYIIHC YHCJIO, HC IICPCBUILILYE

1008.

9-8. 3amano HaTypamsHe umcio N>3. Onecs rpae y Taky Ipy: Ha TOdYaTKky Tpu (imika
po3ramoBana Ha J[lexaproiii miommuai XOY y modatky koopauHat. Onecs mnepecyBae
¢GIKy 3a TakMMU TNpaBWiaMu: (PINIKy MOXKHA pyXaTd MO IUIOLIMHI TIIBKH MNapajeibHO
KOOpJIMHATHUM ocsM. Ha mepmomy Kpomi Qimika MOBMHHA MEPEMICTUTUCA HA BIACTaHb
1=2°, na APYroMy KpoIli — Ha BiJCTaHb 2 = 2! ha TPEThOMY — Ha BiJAcTaHb 4 = 22, i Tak
nani (mepecyBaHHsl (IIIKA HA KOKHOMY HOBOMY KpOIIl € YJIBidi JOBIIMM, Y TOPIBHSHHI 3
nonepeHiM kpokom). Ycworo Oneca pobuts N kpokis. Ii mporpam y wiii rpi gopisHioe
MaKCUMaJbHIM BiJCTaHI BiA (INIKK 70 TOYATKy KOOPJAWHAT MPOTATOM Yyciei rpu (HE

000B’s13K0BO Ticis N-TO KPOKY). SIKOTO HatMEHIIOro mporpairy Moxe goMortucs Onecs?
(bozoan Pybvos)

. . 2n-4
Bionogiov: \ 2 +1.
Po3e’sazanna. CrnoyaTky HaBefieMO Taky cTpaTerito xoais Omneci, mpu skiii BOHa OTpMMYy€ IIpOrpaml

V224 41 Hexaii s 3pydHOCTi 06umciens dimka 3podbuna (N+1) xix, HyTEOBHMIA Xix JOBKHHOIO 20

TEPIIil — JOBKHUHOIO 21 . ..., N-it xix noxunoro 2", me N>1. Hexait xomu Bin 0-ro 1o (n—=3)-ro
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POBIATHCS B3J0BK BEPTHKAILHOT IPAMOi (Bick opauHar) BHu3, Aani (N — 2) -it xix — sropy. Ilepenocranmuiii
X111 poOUTHCS HaNIBO, a OCTaHHINW — HampaBo. OOYHCIMMO MOCIIIJOBHICT KOOPJMHAT TOYOK, B fAKi MOMAajae
pimka npu Takuit nocnigosHoCTi cTpuoKiB. INonoxenns micas K -ro xoxy, K = ﬁ , TO3HA4YMMO yepe3 A, .
Toai MmaeMo, 10:

Ay (0; —2%) a6o Ay (0; — (21 -1)), A (0; — (2% -1)). ..., A, 3(0; — (2"% -1)),
Ao(0;1), AL (-2"5D, AR D).

Tenep HEBa)KKO IOPAXyBaTH, IO HAWOLIBLI BiACTaHI BiJl MOYATKy KOOpAMHAT OyayTh came ayist To4oK A ¢

ta A, iBonu gopiBHIOIOTE R =+ 222 11 Tomi, nus N xoxiB OTpEMAaEMO, IO MAKCUMAJIbHA BiJICTaHb,
. . 2N—4 4 e
IpPU TAKOMY aJITOPUTMI, IOPiBHIOE \ 2 +1.

[Tokaxkxemo, 1m0 1Ee HaWKpauui pe3yabTar. 3HOBY
BBa)KaeMo, 10 Bchoro Omecs pobuts N+1 xin
[ToOymyeMo Kpyr 3 HEHTPOM B MOYATKYy KOOPIWHAT Ta
pagiycom R (puc. 4). Skmo icHye Kpamia crpaTeris
pyxy (imku, To Bech ii NUISIX MOBUHEH OYTH BCEpennHi

AV n
uporo kpyra. Ocrannii xix ¢imku cknagae 2 . Takum
YMHOM, TIOBMHEH icHyBatd (0e3  oOMexeHHs

. o e . n
3arajgbHOCTi) TOPU30HTAIBHUN Bipi30K TOBXKHUHU 2 .
Ane Takuil BiIpi3oK icHye jmiie Ha oci abcruc. Bin

nounen 3’emmysaru  toukn  B(=2"; 0)  ta

C(Zn_l; 0) . Bo Ha npsiviit Y =1 toukn A, 4 ta A, Pnc 4

3HAaXOJAThCAd caMe Ha TakWi BIJCTaHI, ajie BOHM Ha
MEX1 Kpyra, a TOMY HE MOXKYTbh CTaTH JKEPEJIOM KOHTPIIPHKIIATY.
Bynemo BBaxaTH, IO INyKaHWM ocTaHHil Xing ¢imku yreoprosas Bimpizok BC, 3 Toukn B y touxy C.

Toni monepenHiit xig OyB HOBKHUHOIO 2n—1’ T06TO BiH Mir Oyru 3po6nenuii Tinsku 3 Touku O . Ane ne
HEMOJKJIMBO, 00 3a MpaBUJaMH KOXKE€H HACTYNHMUH X1/ 3a JOBXKMHOIO JIOBIIMMH, 32 CyMy yCIX HONEpeaHiX
XOJiB, TOOTO YTBOPUTH MOCHIJOBHICTh XOMIB, IIOO0 MOBEPHYTHCA B IMOYATOK KOOPIMHAT, HEMOXKIIUBO.
OneprkaHa CynepedHiCTh 3aBEepIIy€e JOBEACHHS.

10 kmac

10-5. Ha Beuipmi Oyno 12 cimeitnux map. OpraHizaTopu BEYipKH MpPOHYMEPYBaJU IMapH
yucaamu 1, 2, 3, ..., 12. Ilo 3aBeplieHHIO BEUIpKU BUSIBUJIOCH, IO KOXKHA 3 12 IpyKuUH

BHIHIA a60 | TIAMKY KoKa-Komu abo xomHoi. Koxken dosnoBik Bumue 2Xa, mmamok koka-
KOJIM, € @, — KUIBKICTh IUISIIOK, BUIIMTHUX MOro IPY>KHHOIO, a Kk — HOMep uiei mapwu.

Bigomo, mo ycworo donoBikamu Oyno Bumuto 2018 musmiok. CKiIbKM CIMEWHUX TIap HE
BUIWIH JKOJIHOI IUIAIIKA KOKa-KOJIH?

Bidnogio: 5 cimMeiinux map He I KOKa-KOJy.

Po3é’azanna. Ockinbkn & = 0 a6o a, =1, to 3 pirocri

2a, +2%a, +...+ 2%a, = 2018
MOYKEMO 3aIMCaTH TaKy PIBHICTh Yy IBINKOBIN CHCTEMI YUCIICHHS:

Banumaerses 3HakTH nogands uncna 2018 y npiiikosiii cucTeMi YMCIEHHS, SIKE € €TMHUM MOKIIHBUM:



2018=1024+994=1024 +512+ 482 =1024+512 + 256 + 226 =
=1024+512 + 256 +128+98=1024+512 + 256 +128+ 64 + 34 =
=1024 +512 + 256 +128 + 64 + 32 + 2 =1111110001 0(2) .

Takum ynHOM 8y =83 =y =1 =Xy = 0, To6T0 piBHO 5 ciMelHUX Hap He MUK KOKa-KOIy.

10-6. 3amano omykmmii 0OaraToKyTHUK AA,...Ayy 7. Posrmsmemo taki 2017  kyrtis:

ZAo0eAA00  LP00Ae Ao o LPoosPoorrPooe-  Cepert X KyTie - BHOEpeMo
HaWOLTbIIKN. SIke HaliMeHIIIe 3HaYeHHs BIH MOXKe MpUiiMaTh?

Bionosiow: 189° Vi
V! @0

2017 ° Y2017
Po3é’azanna. Posrnsnemo koo W JIOCTaTHHO BEJIMKOIO
pamiyca, sKe MICTUTh BECh 3aJaHUN  ONMYyKIUU
OaratokyTHUK BcepeauHi. IIpomoBxkumo yci miaroHami

A1008A T2 AA 11009 20 neperuny i3 konom W. Toxi
koo W posbusactbes Toukamu Ha 4034 nyru, sxi mm

7
0!
'
N

TI03HAYMMO SIK Ha pHC. 6 uepes @y, @y, ..., Pop17 Ta Y1,

Wo, ..., Wpyo7- Mami HeBaxko 3po3yMiTH 3
BJIACTHMBOCTEH KyTIiB MDK JIBOMa XOpJaMH, IO

Qi =%((pi+l//i). 3 piBHOCTEH Z((ol +;) =27 Ta
Zai Z%Z((Di +l//i) BUILTMBAE, 110 Zai =T7.

Ockinbku KyTiB ycboro 2017, o maiibinbmmii kyt, 3a

180°
2017 "

Skmo BiH menmre, To cyma ycix 2017 mux kyrie Gyne
menme 180° i orpumaemo cynepeunicts. Takum 9uHOM,

HalMEHIIIe MOXJIMBE 3HAYEHHS JIJISl IbOTO KyTa JIOPIBHIOE

180°
2017 °

JIOCATAETHCS PIBHICTD.

npuniunom Jlipixie, He Moke OyTH MEHIINM Bij 1
241009

P2017

OueBuaHo, mo ans npaBuibHOTO 2017-KyTHHKA Puc. 6

Anvmepnamugne po3e’azanns. [103HAYUMO TAKMM YHHOM KYTH (pHC. 7):
o = £A1008A A 1009 B = ZA A 1000841008 A, A A
Vi = £A A 11008A 11000 1 =1, 2017 (Aj = Ajr2017)- 017'%.

TO)Ii 3 AA‘-}-lOOBAﬁ Aﬁ+1009 MaeMO, III0 ai +IB| + 7/i 21800.

2017 2017 2017
[Mo3Haumumo uepe3 A = Zai , B= Z Bimal = Z]/i . Toni
i=1 i=1 i=1
A+B+1=180°-2017. (1)

SK110 101aTH KYTH TIPU BEPIIHHI A , TO MAaTUMEMO, IIIO

ZA 11008A:1000A T ZA 410108120008 41 —
- 4'61 A1+1009'°1+1 = 4'61 +1008'°1+1009'°1+1010 abo

Vi + B — %1000 = <A 1008A 1000 A+1010-
Sxmo octanHi pisHocTi gogatu ang 1 =1, 2017 , To orpumaemo
I'+B—-A=180°-2015 (2)
(y mpasiii yactuni croith cyma kyti onykioro 2017 -kyruuka). Aot Puc. 7
3sincu A =180°. Takum uuHOM, CymMa KyTiB, IO PO3IIISAAOTH, -



nopiaioe 180° . 3aBepmenns 10BeIeHHS CIIIBIANAE 3 OCHOBHUM PO3B I3aHHSM.
10-7. 3apaua 9-8.

10-8. [y momaTHMX ymcen @, b, C 1oBeaiTh HEPIBHICTS:
(a-b)*> (b-c)* (c—a)> ¢ a b_3bc+ac—ab 3ac+ab—bc 3ab+bc-ac
+ + F—+—+—2 + +
ab bc ac a b c 2ab+ac 2bc+ab 2ac+hbc
(/lanuno Xinvko)

Po36’azanna. CriouaTKy NepeTBOPUMO TAKMM YHHOM JIiBY YaCTUHY:

(a-b)? (b-c)> (c-a)> ¢ a b 2a b 2c a 2b ¢
+ + +—F+—F—=—+—+—+—+—+—-06.
ab bc ca a b c b a a c¢c c

Jlonamo 10 060X yacTuH HepiBHOCTI 6. Tosi mpaBa yacTHHA HAOYBAE TAKOTO BUTIISLY:
3bc+ac—ab 3ac+ba—bc 3ab+bc—ac
+2+ +2+

+2=
2ab+ac 2bc +ab 2ac+bc
_ 3(ab+bc+ca) N 3(ab+bc+ca) N 3(ab+bc+ca)
~ 2ab+ac 2bc +ab 2ac+bc

TakuM YMHOM, 3aJTUIIAETHCS JOBECTH TaKy HEPIBHICTh!
2a b 2c a 2b c_3(ab+bc+ca) 3(ab+bc+ca) 3(ab+bc+ca)
— ettt —+—2 + + .

b a a ¢ ¢ b 2ab+ac 2bc+ab 2ac+bc
3 mepiBHocTi Kommi-11IBapia maemo, 110

(2+2+S)(2ab+ac) =(2+L2+£)(@b+ab+ac) > (a+b+c)?,

(2+E+2)(2bc+ab) > (a+b+c)?, (2+S+2)(2ac+bc) > (a+b+c)?.

3 HepiBHOCTI TPHOX KBaaparis Maemo, mo (a+b+ C)2 >3(ab+bc+ca).
S0 noeHaTH OCTaHH1 HEPIBHOCTI, TO MATUMEMO, II10:

(a+9+3)23(ab+bc+ca)’ (9+c+§j>3(ab+bc+ca) | (g C 9j>3(ab+bc+ca).

c a C

b a a 2ab+ac c b b 2bc +ab 2ac+hc
Sxio Tenep n0aTH OJiepHkKaHl HEPIBHOCTI, TO MATUMEMO LITyKaHy.

11 knac

2017

11-5. Jlnda axux HatypaJibHUX N 4yuciao N +n°+le pOCTUM?

(Jleonio beopamiok)

Bionosios: N=1.
Po36’azanns Io3naunmo K =672, Toxi
3K+l |, 2 a4 3K 2
n +n“+1l=n(n" -D+(n"+n+1).
Ockimsiu N3¢ —1= (n3)k —-1: (I’]3 -1): n? +n+1, TOMY 3aJaHUM BHPa3 NPU KOXKHOMY HATYPaIbHOMY

2017

3HaueHH1 N aiIuThCS Ha n2 +Nn+1. Tomy gucno n +n? +1 mosxe OyTH MPOCTUM JIMIIE SKIIO BOHO

. 2 .
JOP1IBHIOE n +n+1 Ta OC YUCIO € MPOCTHUM. Ockinbku ¢ MOXIIMBO JIMIIC IIpH n :1, TO 1€ €OUMHC
3HA4YCHH, 11O 3a10BOJIBHAE yMOBi.
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11-6. YortupukytHuk ABCD BnucaHui y kojo W 3 meHTpoM y Touui O. Moro nmiaronami
nepeTuHaTbesa B Toulll H . [To3HaunMo 1eHTpu onucanux Kin TpukyTHUKIB AHD 1 BHC
ak O 1 O, BianosiaHo. [IpsAMa, o IpoXoauTh Yepe3 TOUKy H, mepeTuHae W B TO4kax M,

i M,. L1 npsiMma nepeTuHae BApyre omucane komo AQHO y toumi N;, a ommcaHe Koo
AO,HO y Touni N,. Binomo, mo touku N; 1 N, nexarb BcepeanHi koaa W. JloBeaiTs, 10

MlNl = M 2 N2 .
(Baoum Mumpoganos)
Po3sé’azanns. be3 oOMeXKEeHHS

3arajlbHOCTI MOKHA BBaXKaTH, IO

TOYKHU Ml, Nl, N2 Ta M2

po3TamioBaHi Ha TMpsAMiIA came B

TakoMy Topsaaky. JlificHO, sKIIO >\ Os
M,N; = M,N,, To

M2N1 = MlNZ, TOOTO JIOCTATHBO

JIOBECTH JIMIIE JUIS OJHOTO TOPSIKY

TOYOK Ml’ M2 (puc. 8).

OueBHUIHO, 110 M 10 =0OM 2,
ZNM;0 = ZN,M50.  Byzemo
nosomt, mo ZHN,O = ZHN,O. Puc. 8
poro mocratHro, 60 B TakoMy pasi ZMloNl =/ZM 20N2 , 3BIIKH AMloNl =AM 20N2 i
N;My = N,M,.
Maemo Z(HN;, N;O) = £(HO,, 0,0) ra Z(ON,, N,H) = £(00,, O,H). Toxi, m06 nosecrn, mo
ZHNlo = /HN 20, nocratabo mokasaty, mo £ HOl, OlO) = Z(OOZ, OZH). IMTokaxemo 11 1BOTO,
10 YOTUPUKYTHUK OlHOZO € mapayienorpamom. Crpaji, MaEMO OOl 1L AD, 60 i Ol’ i O namexars
cepenuuHOMY TieprienuKynsipy Biapiska AD . [TozHa4MMo OCHOBY MEpIEHMKYIIAPA, IO OMyIIEHHH 3 02
Ha AC, uepes K. Toni
Z(O,H, DA) = Z(O,H, HA) + Z(AH, AD) = Z(O,H, HC) + Z(CA, AD) =

=Z(O,H, HC) + Z(CB, BD) = Z(O,H, HC) + £(KO,, O,H) = £(KO,, HC) =90°,

60 KO, i HC nepnenmuxynspui. Otxe, H02 1 AD, 3Binku H02 || OOl. AHaJOT1YHO HOl || OOZ,

TOOTO CIIpaB/Ii OlHOZO € mapanesaorpamMom, 1o i Tpeda Oyno J0BECTH.

11-7. Yu icnyrors a8i ¢pysukuii f, §:R — R Taki, mo mna scix X, Y € R cnpasmxyerses
PIBHICTb:
f(x+1(y) ={y}+9(x)?

Tym uepes {Y} no3Havena opobosa yacmuna yucia Y , AKka 8UZHAYAEMbCL K {y} =y- [ Y], Oe [ Y] --
yina vacmuna yucaa Y , mobmo naibinbuie yine yucno, wjo He nepesuuye Y .

(lecop Boponosuu)
Bionogioy: He iICHYIOTb.
Po3e’azanns. Tpu Y =0 maemo, mo f (X+ f (O)) =0 (X) , TOMY MOYaTKOBY PiBHICTh MOXEMO TepenucaTu

y BUTJSIIL f(x+f(y)):{y}+f(x+f(0)). [lpuy x=0 oTpuMyemoO, MIO f(f(y))={y}+f(f(0)).
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Hexaii f (f (O)) =a. Toxi [a,a+1)cE,, ne E, -- MHOxuHa 3Hauens Gynkuii f . Hesaxko nosecrn, wmo
KOJIU [t,t+S] cE,, ne 0<s<1, Toni [t+sn,t+s(n +1)] cE i [t—sn,t—s(n—l)] c E, s noBineHOTO

nioro n>0. Jlng mpukiagy, MOKaKeMo Iepiie TBepKeHHs. basza imaykmii mpu n=0 e. [ami
OPUITYCTUMO, II0 MU JOBEIM TBEP/DKEHHS A Jeskoro n>0 i goBenemo Horo mis n+1. OCKUIbKU

[t+sn,t+s(n+1)]c E,, To icHye X, Take, IO f(x0+f(0)):t+s(n+1), a OTKE TPH X =X, MAEMO
PIBHICTb f (XO + f (y)) = {y} +1 +s(n +l). 3 OCTaHHBOT piBHOCTI BUILINBAE, 110
[t+s(n+1),t+s(n+2)]c[t+s(n+1),t+s(n+l)+1)c E,. Takum umsoM, Mu goBenu, mo f —

ctop’extuBHa dynkmis, Tomy f o f Takox crop’exis, ane ne nemosxmuso, ockineku E, = [a, a+1) .

Anbmepnamuene pose’azanna. I3 3a1anoro piBHAHHA NpH pisHuX Y # Yo Maemo, 1m0

f(x+ T (yD) —{yt=9(x) = f (x+ £ (y,)) —{y.}.
f(Ly+ F(x+ F(y)) = F(Hy 3+ F(x+ £ (yy))).

3BizcH i3 331aHOTO (DYHKITIOHAIBHOTO CIiBBIJHOIICHHS MAaTUMEMO, 110

g({yah) +H{x+ f(y)}=9(Hy.}) +{x+ f(y,)} aco
x4+ FOyD -+ F(y2)=9(Hy.) —9(Hn}).

JliBa YacTHHA He 3aNeKHUT B 3MiHHOI X . OUEBHIHO 3 yMOBH, IO MHOKHHA 3HadeHb GyHkuii [ Micruts

Toni

4KCIIa 3 PI3HUMH JAPOOOBMMH YaCTMHAMM, TOYHIIIE 3 NOBIIBHMMH ApoOoBMMH YacTHHaMu. SAkmo Y # Yo

Taxi, mo npu mpomy { f (yl)}?f f{(yz)} Toni mpu dikcosanux Yq, Yo npu nepexoni (—=X) uepes

{f (yl)} J1iBa YacTHHA OCTAHHBOT PIBHOCTI Mae cTpuboK 3HaveHs Ha 1 i He € cTasoro.

11-8. JIns sixux HatypanbHuX N icHye neskuii kBaapaT K x k
Ta MPSIMOKYTHUK axb (uucnma a>b>0 — parioHanbHi) Taki,
0 1€ KBajapaT MOXKHa po3pizath Ha N MPSIMOKYTHUKIB
axb, TakumM unHOM, 100 TpPWHAWMHI JBa 3 IHUX
NPSIMOKYTHHUKIB Oyl TIO PI3HOMY Opi€HTOBaHi (TOOTO iX He
MO>KHA OyJI0 O CYMICTUTH MapajieIbHUM IIEPEHOCOM).

(B. Jliwynos, B. Py6ivos) Puc. 9

Bionogios: nns ycix N, sixi moxua nogaty y surnami N =M -m<, ze M, M >1 — warypanshi uncna.

Po3¢’azanna. Crnoyatky nokaxemo, 1o i koxuaoro N, sike HaBeleHO y BiJMOBifi, Take pPO3OUTTS
. . 2 .

MosinBe. Bubepemo kBagpar 31 ctopoHoro 1. CrouaTKy KBajapaT po3i6’eMo Ha M” MaJeHbKUX KBaJparTiB,

PO3IUIMBIIM KOXHY 3 ioro cropid Ha M piBHux yactun. [Jani yci m? maseHbKuX KBaJIpaTiB po30MBaEMO

Ha M OJJHAaKOBHX Hp}IMOKYTHI/IKiB, OibIa CTOPOHA SIKHUX I[OpiBHIO€ CTOpOHi KBaapara, a MCHIIIa CTOPOHA

CKJIaJac ﬁ Bin miei ctoponu (puc.9). Ilpu 1mpoMy, mpuHaliMHI ABa 3 HUX KBajapaTiB po3ib'eMo Ha

NPSIMOKYTHUKHU P13HOT Opi€HTAILl].

Temep OymeMo MOBOAWTH, IO s yCixX iHmmx 3HadeHb N Takoro po3outts He icHye. Lle moBeneHHs
IPOBEIEMO METOJIOM BiJl CYPOTHBHOIO, TOOTO HPHUITYCTHMO, 110 Juist aeskoro N icHye BKkasaHe po30OHTTSL.
be3 oOMexeHHs 3arajbHOCTI OyneMo po30MBATH OJAMHUYHHI KBaapaT, TOOTO KBaapar 3i CTOPOHOK 1.
Bynemo BBakaTu, 1m0 I KBaJpaT pO3TAlIOBAaHMA TaKMM YHHOM, MI0 y HBOTO OJIHA CTOPOHA
rOpPU30HTAIbHA, iHIIA — BEPTHKaIbHA. byleMo Ha3zMBaTU NPSAMOKYTHHK ax D mpsamoxyrhHukom nepuiozo
muny, K10 y HbOTO O1NIbIlIa CTOPOHA, TOOTO TOBXKHHOIO A, PO3TAlllOBaHa TOPU30HTAIbHO. [IpAMOKYTHHKHI
IHIIIOTO PO3TAITyBaHHS Ha3BEMO MPSIMOKYTHUKAMU Opy2oeo muny. CoYaTKy TOBEAEMO JIEMY.
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Jlema. KBagpat 31 cTropoHoro XYZ, ae X,Y,Z MOMAapHO B3a€EMHO MPOCTI HATypajbHI 4HCIa, HE MOXKHA
. : 242
po3pi3aTu HAa NPSAMOKYTHUKHU po3Mipom X~ X Y.

Hoseoenns. Po3pixeMo KBaapar 31 CTOPOHOK XYZ Ha MEHIII KBaJpaTUKU, KOXKEH 3 SIKUX MA€ CTOPOHY

noBxuHOIO X, 1 modapOoyemo ix y X kompopiB mo miaroHamsx (puc. 10). Tomi mpu Oyap-skoMmy
po3TanryBaHHi NPSIMOKYTHUKA

X2><y2 y I[bOMY KBaJpaTi BiH 1 2 3 x-1 X 1 u
MOKPUBAE  OJHAKOBY  KUIBKICTh
KBaJPaTHKIB YCiX KOJIbOpPiB. Ane y X 1 2 %2 | x1 X U-1
BEJIMKOMY KBaJpaTi KBaJpaTHKIB
pI3HUX KOJBOPIB HE OJHAKOBA
kinbkicts. Ix yeboro (Yz)?, a ue x-1 X 1 X3 | X2 | x1 u-2
4UCII0O HE MIIATHCI HA KUIBKICTH
KOJIBOPiB X. Puc. 10

uc.

Jlema oosedena.

Hexaii cTopoHM NpSIMOKYTHHKA, Ha SKHH MOXHA pO30MTH OJAMHWUYHUN KBaJpar, 1€ palioHaIbHI YHcia

— X Y : _ _ o . .
a=,, b= 2,0 1€ X, Y, 21, Zp — HaTypaibHi uncia Ta (X,2y) =(Y,2,) =1. Hexait (z;,2,) =z. Toxi
z,=12t, z,=12t, i (t,t,)=1. Iloma oxHoro mpsmMokyTHHKa nopismioe S =ab = Y spinku

24t

X it it
N ztyt =1a6o N = z° 1W2 . Bpaxosyroun, mo (XY, z2) =1, orpumyemo, mo gucno ;—yz — HaTypaJbHE.
7yl

. 2
PosristHemo Bunazaku, koau N He moxe Oytu mpencrasnese y suriasiai M - P©, wist nesikoro mpocroro

i HarypamsHoro M > 1. Jlist BUmaaKy, KOJIH 1€ MOXKIMBO 3pOOHTH, BHIlle moOymoBano mpukian. Yucmo N

ty

. . . .ott
HC IMPEACTABIIIETHCA Y HOTp16HOMy HaM BUIJISAJ1 JIUIIE TOAl, KOJU Z — HPOCTEe 1 Wz =1 abo Y BUIIAJKY

Z =1. JoBenemo, 110 00K 1Ba BUMTAIKA HEMOKIIHBI.
Posristnemo Bumangok Z =1. OCKiIBbKH 3a HAIIUM MPUIYIIEHHSIM OJWHUYHUN KBaApaT po3pi3aHuil Ha
IpAMOKYTHHKH a X b, To Horo cropona poszijeHa Ha Bipisku gosxuHamu a Ta D. 3 mporo Bummmsae, mo

. .. . . . . .. . kxt
ICHYIOTb IILI1 HEBIJI €MHI YHCIa kim , JUI IKUX Ma€ MICIE PIBHICTb ka+mb=1 , 3BIJIKU t_z + my = t2 .
1

m

, - — IIIJIE.
%

Ockimekn (Xt,,t) =1, 1o tk — miie. AHaJIOTT9HO
1

TakuM YMHOM, SKIIO iCHYIOTH HaTypambhi K i M, mns sxkux Bukonyerscs piBuicts Ka+mb =1, to
kx . My
h I
nopiBHIOBaTH 1. SIKIIO % TakuX HaTypalbHUX YHCEN HE iICHYE, IIe 03HAYae, 10 BIAPi30K JOBXKHUHU 1 MOXHA
pO30WTH Ha BiJPI3KK JOBXKHHAMH a Ta D, BUKOPHUCTOBYIOUH BiJpi3KH JIKIIIE OJHOTO BUTIISAAY, aje He 000X
oHOYacHO. ToIi 10 BEpTHKAIBHUX CTOPIH KBAJAPaTy MOKYTh IPUMHKATH JIUIIIE TPSIMOKYTHUKH, HATIPUKIIA],
MEPIIOrO BUTIISALY, & IO TOPU3OHTANBHUX — JIMIIE APYroro. BuaaiuMo BCi MPSMOKYTHUKH, 110 TIPUMHUKAIOTh
0 TpaHWIl KBajpary. HeBaKKO 3po3yMmiTH, MO I MPAMOKYTHUKA, SKHH IICIS [BOTO 3aTHIIABCS
BUKOHYETHCS TaKa K caMa yMOBa: J0 HOTO BEPTHUKATBHUX CTOPIH MOXKYTh MPUMHKATH JIUIIE TPSIMOKYTHUKH
MEPIIOr0 BUIJISAY, a O TOPU30HTAIBHUX — JHINe Apyroro. [IpoJIOBXKYyrOUYW aHAJOTidHI MipKyBaHHS,
OTPUMAEMO, IO BCi MPSIMOKYTHHKH PO30OUTTS OpIEHTOBaHI OJHAKOBO, IO CYMNEPEYUTh HAIIOMY
MIPHITYIICHHIO .

=1 i y nipiif yacTuHi PiBHOCTI 3HAXOAUTHCA JABA HATYpalbHi JIOJAHKH, TOMY iX CyMa HE MOXe

Hexaii teniep Z — mpocre i % =1. Ockimeku (X,t) =(y,t,)=1, 10 t;: y, a omxe Xy =tt, > Xy =

2 2
_ _ . . . X Yy
t, =Yy, t, = X. Toxi 10BXUHK CTOPIH NPIMOKYTHUKA MOKEMO IIEPENUCATH Y BUTIIAAL & = e b= Ty o e

yucna X, Y, Z MOMapHO B3a€MHO MpOCTi. Jlajii BAKOPUCTOBYEMO JieMy 1.
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Po3B’si3aHHs 3amadi 3aBepiieHe. Mu J0BelH, MO0 MPH TaKOMY PO30UTTI KUIBKICTh MPSIMOKYTHHKIB Mae
JTUIBHUK, II0 € KBaJIpaToM JAESKOro MPOCTOro yucia. SIKIIo 1e KBajapaT MPOCTOrO YHUCIHA, TO PO3OUTTS
HEMOJKJIMBE, 1110 JOBEJACHO y JieMi 1. SIKIIo Tam € I1e MHOXHHK, TO PO3OUTTS MOXKIIMBE, 110 MOKa3aHO Ha
[IOYaTKy pO3B'A3aHHS.



